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Abstract

I quantify the level of ambiguity in the US stock market using option data.
Firstly, I set up a representative agent asset pricing model where ambiguity is
modelled using the framework of recursive multiple-priors utility. This model
serves as an economic foundation for a reduced-form model which keeps its
main characteristics and is easy to estimate. Then, I derive a closed-form
option pricing formula based on this reduced-form model of the market index.
I also provide an asymptotic expansion for the corresponding short-maturity
at-the-money implied volatility. I use these results to quantify the level of
ambiguity with option data from 1996 to 2020. I find that the role of ambiguity
is more pronounced for the recent stock market crash due to COVID-19 than
for the 2008 financial crisis. Furthermore, the level of ambiguity spikes during

crises and decreases to its normal level more rapidly than risk.

1 Introduction

In the field of decision-making under uncertainty, risk refers to the case that an out-
come is randomly drawn from a known probability distribution, whereas ambiguity
describes the situation where the outcome’s distribution is unknown or non-unique.
Although these two concepts are inherently different, researchers often fail to dis-
tinguish them clearly, especially in empirical studies. An example is the dual role
of the famouos VIX Index. The VIX is an index of 30-day option-implied volatility
in the S&P 500 Index. Some studies use it as a measure of risk, such as Ang et al.
(2006), Banerjee et al. (2007), and Péstor and Veronesi (2013), while others use it
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as a proxy of ambiguity, such as Bloom (2009), Baker et al. (2016), and Leduc and
Liu (2016). In this paper, I develop a model allowing me to disentangle ambiguity
from risk. With this model, I use option data to quantify the level of ambiguity and
the implied level of risk. The results show that although the level of ambiguity has
a positive correlation with the implied level of risk, they have different properties
especially during crises. The level of ambiguity spikes and rapidly decreases to its
normal level, while the level of implied risk remains at a high level for a longer

period.

I first set up a representative agent asset pricing model in which ambiguity is mod-
elled using the framework of recursive multiple-priors utility in Chen and Epstein
(2002). Roughly speaking, a representative investor wants to maximize her utility
in an infinite-horizon economy by choosing her consumption level and allocating her
wealth between a risk-free asset and a risky asset. There is a model of the aggregate
dividend process, but unfortunately she does not know whether it is the true model.
Instead, she has a set of alternative models in mind. Each candidate model in this
set is represented by a probability measure, which is defined by the Radon-Nikodym
derivative (i.e., likelihood ratio) with respect to a reference measure. Under different
measures in the alternative set, the dividend process has the same diffusion term
which serves as the source of risk. The level of ambiguity is determined by the size
of the alternative set which is the boundary of the density generator of the Radon-
Nikodym derivatives. When the bound is large (respectively, small), the alternative
set is large (respectively, small), and thus the investor faces a high (respectively,
low) level of ambiguity. By Girsanov theorem, this bound affects the drift term of
the dividend process under reference measure. I further assume the level of ambi-
guity is not constant but time-varying, and follows a stochastic process. With this

assumption, I allow for the fluctuation of the ambiguity level.

I solve the model in equilibrium, and obtain the price of the risky asset and the risk-
free rate. The risk-free rate is a function of ambiguity. Facing high ambiguity, the
investor is willing to accept a low risk-free rate to hold the safe asset. The equilibrium
equity premium is made up of three parts. The first part is the compensation for
bearing risk. The latter two parts are the compensations for bearing ambiguity,
with one for the current level of ambiguity and the other for the future fluctuations
of ambiguity. For the price of the risky asset, I have its dynamics not only under
reference measure but also under risk-neutral measure. Its drift term is the risk-free
rate under risk-neutral measure, and it has two diffusion terms with one originating

from the fluctuation of consumption and the other coming from the fluctuation of



ambiguity.

This economic model is difficult to estimate directly since not all parameters in it can
be identified. I replace the combination of parameters in the economic model with
a single parameter, and obtain a reduced-form model for the price of the risky asset
under risk-neutral measure. This reduced-form model keeps the main characteristics
of the economic model, and does not affect the estimation of the ambiguity level

which is the main target of this paper.

Based on the reduced-form model, I derive a closed-form pricing formula for Euro-
pean call options on the risky asset. The method being used comes from Dulffie et al.
(2000) who provide a general solution to the option pricing problem for affine dif-
fusions. This option pricing formula exhibits a relation between the ambiguity level
and option prices, but this relation is not that straightforward. To study the impact
of the ambiguity level on options directly, I further derive an asymptotic expansion
for the implied volatility'. Using the perturbation method in Jacquier and Lorig
(2015), T obtain the asymptotic expansion for the implied volatility as a function of
the natural logarithm of moneyness? up to the second order, in the short-maturity
limit, and around the at-the-money level. The at-the-money level of implied volatil-
ity is determined by the sum of risk and ambiguity, while the at-the-money slope®

is affected by the fraction of ambiguity in their sum.

These theoretical results under the reduced-form model are used to quantify the
level of ambiguity and the level of implied risk. The asymptotic expansion offers a
possibility of identifying risk and ambiguity from the level and slope of the implied
volatility curve around the at-the-money level. Although the results obtained by
this method are approximations, it serves as a quick way to learn about the level
of risk and ambiguity in the market. The formal estimation strategy is based on
the option pricing formula for the reduced-form model. In this paper, I make use
of the two-step calibration method in Christoffersen et al. (2009), which views the
ambiguity level as an extra parameter that needs to be estimated. The basic idea is
as follows. On the one hand, there are different option contracts with known prices
in the market. On the other hand, given the parameter values, I can calculate each
option’s price using the option pricing formula derived previously. In principle, the

level of ambiguity is estimated by making the model-based option prices as close
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Implied volatility is more commonly used as a measure of an option’s value than its price.
Moneyness is defined as the strike price of the option contract over the current price of the
underlying asset.

To be precise, the slope here is the first order derivative of implied volatility with respect to the
logarithm of moneyness



as possible to the market prices. Since investors typically use implied volatilities
to represent option prices in practice, I follow this tradition and compare implied
volatilities instead of option prices to obtain the estimation of the ambiguity level.
The main dataset used in this paper consists of options written on the S&P 500
Index, ranging from January 1996 to December 2020. It covers three recessions
in the United States determined by NBER*: the bursting of the dot-com bubble,
the financial crisis of 2008-2009, and the most recent stock market crash due to
COVID-19.

My main results are as follows. Firstly, the level of ambiguity is on average lower
than the level of implied risk, but it is more volatile. Their sum measures the total
variance of the market return, which is comparable with the squared VIX Index.
This fact explains the dual role of the VIX Index in empirical studies. In fact, the
VIX contains information about both risk and ambiguity, and with the model in this
paper I can separate ambiguity from risk. The second finding is about recessions,
especially the 2008-2009 financial crisis and the recent COVID-19 stock market
crash. During both periods, the level of ambiguity and the level of implied risk are
much higher than usual. Yet, these two recessions are driven by different sources.
The 2008 recession has balanced levels of ambiguity and implied risk whose average
levels are quite similar, while the 2020 recession is mainly driven by ambiguity with
the level of ambiguity dominating the level of implied risk. Thirdly, the level of
ambiguity decreases to the normal level quickly after reaching peaks during crises,

but the level of implied risk remains at a high level for a longer period.

This paper is mainly related to two branches of the literature. The first one is the
measurement of ambiguity. Since ambiguity describes the situation where the dis-
tribution of the outcome is unknown or non-unique, it is difficult to be measured
directly in practice. A number of methods that quantify the ambiguity level have
been developed, including the implied volatilities in the stock market (Bloom, 2009),
the forecast disagreement on macroeconomic and financial variables (Anderson et al.,
2009; Bachmann et al., 2013), the newspaper coverage frequency of economic pol-
icy uncertainty (Baker et al., 2016), the volatility of expected volatility for stock
returns (Baltussen et al., 2018), the function of statistical quantities such as like-
lihood ratio tests and Type I and Type II errors (Balter and Pelsser, 2021), and
the expected volatility of probabilities (Izhakian, 2020). However, without a solid
theoretical foundation, most of these measures tend to either mix up ambiguity with

other information or capture only partial information about ambiguity. VIX, the

4 Please refer to https://www.nber.org/research/business-cycle-dating.
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implied volatility of the S&P 500 Index, combines information about stock market
risk with ambiguity. The degree of forecast disagreement measures a dispersion of
beliefs among forecasters rather than the ambiguity about macroeconomic and fi-
nancial variables. The Economic Policy Uncertainty Index reflects the frequency
of newspaper articles with terms about ”economics”, "policy”, and "uncertainty”.
Yet, the usage of "uncertain” in non-academic writing is flexible and may contain
the meaning of both risk and ambiguity. The volatility of expected volatility only
considers the variance of the second moment of return distributions, and excludes
the information about ambiguity embedded in the higher moments. Izhakian (2020)
proposes a measure of ambiguity with a theoretical foundation. The framework
he uses is the expected utility with uncertain probabilities which is introduced in
Izhakian (2017). However, in Fu et al. (2021) we find that his ambiguity mea-
surement U2 is not an equivalent way of representing preferences it is supposed to
represent. My paper contributes to this literature by providing a new method to
quantify the daily level of ambiguity using option data based on the framework of

recursive multiple-priors utility.

Second, this paper relates to the literature that analyzes the effect of ambiguity on
option prices theoretically. Despite using different models of ambiguity®, a number
of theoretical models have been developed to study ambiguity in the context of
asset pricing. Most of them focus on the equity market (Chen and Epstein, 2002;
Trojani and Vanini, 2002, 2004; Maenhout, 2004; Sbuelz and Trojani, 2008; Ju and
Miao, 2012; Jeong et al., 2015) and the bond market (Garlappi et al., 2007; Ulrich,
2013; Shi, 2019; Zhao, 2020). The studies of ambiguity and options are relatively
few. Liu et al. (2005) are among the first to use ambiguity to explain option prices
in equilibrium. They assume investors are uncertain about rare events and use
the framework of robust control to explain the volatility skewness of index options.
Drechsler (2013) extends their work by separating the volatility of consumption from
the volatility of returns and explains the variance premium as well as the volatility
skewness. Miao et al. (2019) also provide an ambiguity-based interpretation of the
variance premium, but the framework they use is the smooth ambiguity model. The
model I set up in this paper provides implications on both the market index and its
options. The equity premium contains the compensations for bearing not only risk
but also ambiguity, which is consistent with the previous literature about the effect

of ambiguity on the equity premium. Furthermore, I derive a closed-form option

® The possible frameworks are: the robust control framework of Hansen and Sargent (2001), the
multiple-priors utility framework of Gilboa and Schmeidler (1989), and the smooth ambiguity
framework of Klibanoff et al. (2005).



pricing formula for the market index, which has not been available in the previous
literature up to my knowledge. 1 also provide an asymptotic expansion for the
implied volatility in the short-marturity limit and around the at-the-money level.
This approximation exhibits clearly how the interplay between risk and ambiguity

affects the shape of the implied volatility curve.

The rest of this paper is organized as follows. In Section 2, I first set up an economic
model and solve for its equilibrium. Then I write down its reduced-form version and
derive the option pricing formula based on it. I also present the asymptotic expan-
sion for implied volatility under the reduced-form model. Section 3 describes the
data. Section 4 presents the estimation method and the empirical results. Section

5 is the conclusion.

2 Model

In this section, I first set up an economic model, which is a representative agent
asset pricing model under the framework of recursive multiple-priors utility following
Chen and Epstein (2002). The level of ambiguity is allowed to be time-varying in
this model. Based on this economic model, I write down a reduced-form model which
keeps the main characteristics of the economic model and makes the later estimation
easier. In other words, this economic model serves as an economic foundation of the
reduced-form model. Under the reduced-form model, I derive a closed-form option
pricing formula. I also provide an asymptotic expansion for the implied volatility
around the at-the-money level. Both of these two results will be used in Section 4

to quantify the level of ambiguity in the US stock market with option data.

2.1 Economic Model

The setting for the economic model is an infinite-horizon, continuous-time economy
with a representative investor. This investor has a reference model of the economy
in mind, but is uncertain whether it is the true model. Instead, she has a set
of alternative models, and makes consumption and portfolio choice decisions to

maximize her utility across these alternative models.



Modeling Ambiguity Aversion

Consider a probability space (€2, F, Fy), where B, is a d-dimensional Brownian mo-
tion defined on it. Decision-maker is uncertain about whether P, is a true model®,
and thus takes P, as the reference model rather the true model. An alternative
model P is defined with respect to the reference model F, using the Radon-Nikodym

derivative:

dP|
dPy|,

Zt)
where

dZt = —ZtetdBt.

0; is a density generator and belongs to the set ©. Since a density generator in ©
corresponds to an alternative model P, the set of alternative models P® is built up

corresponding to ©.

To model preferences in the presence of ambiguity, I adopt the framework of recursive

multiple-priors utility:

[e.e]
V:minEP[/ Cy, Va)ds| ] 1
= [ [ e vasiz, 0
where {Cy|t € [0,00)} are consumption streams. For the choice of the aggregator
function f, I use Epstein-Zin preferences to allow for the separation of elasticity of

intertemporal subsitituion (EIS) and risk aversion:

cr

vy~

a
f(C V) =8-V]
p
where 3 > 0 is the rate of time preference, p € [0, 1] is EIS and « € [0, 1] is the risk
attitude.

By Girsanov theorem, a change of measure from P, to any P € P® affects only the
drift term of the utility continuation process. With the multiple-priors utility, the
decision-maker acts following the worst-case model. According to Chen and Epstein
(2002) and Shi (2019),

d‘/; - [_f(cta ‘/;f) + Igleaéx 075 . O-V,t]dt + O-V,tdBt'

6 A model is characterized by its probability measure.



Set of Alternative Models

I consider the case where By = (Bi 4, Ba:)' is of two dimensions and Bj; is uncor-
related with By;. As a result, the corresponding density generator 6, is also of two

dimensions and written as (014,62:)".

The set of density generators is assumed to be

O = {(O14,024) + =kt < 014 < Ky, 00, = 0,Vt € [0,400)}.

Since ambiguity concerns whether B, is a Brownian motion under P,’, the above
assumption of © indicates that there is no ambiguity about By, and it is always a
Brownian motion under F. On the contrary, there is ambiguity about B;; and 0,

is bounded by k.

In fact, x; determines the size of the alternative set P®. If k; is large, the set of
alternative models is also large, and the decision-maker faces a larger uncertainty
when making decisions. This is why k; is interpreted as the level of ambiguity. x;
can be constant or time-varying. In this paper, I follow Shi (2019) and assume the

dynamics of r; is a Cox-Ingersoll-Ross (CIR) process®:
d:‘it = CL(:‘ZL — :‘it)dt + b\/lﬁ_tngﬂg. (2)

k is the long-term mean of k;, and a is the speed of adjustment to this mean. Both
of them are strictly positive to avoid the possibility that x; falls below zero, but
k¢ can still be equal to 0 occasionally. This setting indicates that ambiguity can

neither be negative nor be completely eliminated forever.

Equilibrium Asset Prices

Consider an infinite-horizon utility optimization problem with a representative in-

vestor. The aggregate dividend process is given by

dD
—t = ,U,Ddt + O'DdBl’t, (3)
Dy

where both pp and op are constants. Bj; has already been specified in the previous

section. To be precise, the representative investor is uncertain about whether By,

" This interpretation comes from page 1415 of Chen and Epstein (2002).

8 This assumption follows Shi (2019), who argues that many models studying the endogenous
learning process of ambiguity result in a mean-reverting process for the ambiguity level and
chooses a CIR process to model the dynamics of the ambiguity level.



is a Brownian motion under reference measure Fy. This ambiguity is bounded by
k¢, which follows (2).°

There is a risk-free asset and a single risky asset in this economy. The risk-free asset
has an interest rate of r;, while the risky asset is a claim on the stream of aggregate
dividends D, which has an ex-dividend price of S;.!°. The investor makes portfolio
choices between these two assets. Let w; be the fraction of wealth W, invested in

the risky asset. The dynamics of W, is

dS; + D,dt
th = (1 — wt)Wt’rtdt + tht% - Ctdt
t

The first two terms are the investor’s "income” from the portfolio, while the last

term is her "expenditure” on the consumption good.

Given this budget constraint, the investor chooses her consumption C; and the
investment plan w; to optimize her utility. Let J; be the indirect utility function of
the investor,

— in B 5)d 4
5= i £ [ (€. 1| .

where the inner minimization is given by (1).!1

According to Duffie and Epstein (1992), the Hamilton-Jacobi-Bellman (HJB) equa-
tion for J is'?:

sup DJ(W, k) + f(C,J(W,k)) — ko = 0. (5)
(Cw)

(W, k) are the two state variables that the investor faces when making decisions,

and (C,w) are control variables. D is the standard Dynkin differential operator.

For this HJB equation, I take the derivatives of its left-hand side with respect to
C' and w, and let them equal to zero. The optimal indirect utility function J(W, k)
should satisfy these two equations as well as the HJB equation (5). I conjecture
that the function form of J(W, k) is

J(W, k) = exp (M

where h(k) is a function of k.

In this economy, market clearing implies that the representative investor consumes

9 There is no ambiguity about the level of ambiguity itself.

10 Both r, and S; are determined endogenously in equilibrium.

1 This equation is same as Equation (6) in Shi (2019).

12 Relevant equations in Duffie and Epstein (1992) are Equation (13), (14), and (15). The subscript
t is ignored for simplicity of notation.



exactly the aggregate dividends given by (3), so that C* = D. Furthermore, in an
equilibrium of a representative-agent model, there is zero net supply of the risk-free
asset, i.e. w* = 1. Substituting these two conditions into the above HJB equation,
I obtain

1
0= wp — g — 5(1 — Oé)O'2D — KtOp + ;h/(/{,t>a(k/ — K/t)
1 «Q 1
+ z—ph”(/it)b%t + 2—p2h/(/€t)252/€t + ;Bl/(l_p) exp ((— h(ke)). (6)

To solve the model analytically, I use the log-linear approximation proposed by
Collin-Dufresne and Goldstein (2005) and also used by Shi (2019). h(k) is approxi-
mated by

h(k) = no + mk, (7)

where 7y and 7; are obtained by minimizing the expected squared approximation

error of (6), and are indicated by 7y and 7, respectively.

In this way, I derive the price of the risky asset under reference measure P, in

equilibrium, which is presented in Proposition 1.

Proposition 1. Up to the accuracy of approximation (7), the price of the risky

asset under reference measure Py has dynamics

ds, D .
?’f =(re+ A — gt)dt + opdBiy + iby/kidBay, (8)
t t
where the risk-free rate ry, the excess return X\;, and the dividend yield g_f are re-

spectively given by

re=[B+(1—p)up — %(1 —a)(2-p)op] — [(1 = p)op + %,0 - an}Qbﬂ ke, (9)

N = (1 —a)od + Kkop + %771262/@, (10)

% = B+ %P(l — )oh = ppip — mak] + [pop +1a — %771252} Kt (11)
Furthermore, k; follows (2) under reference measure Fj.

Proof. See Appendix A. n

A is the equilibrium equity premium. Its first term is the compensation for bearing
the volatility of dividends. If there is no model uncertainty, this term is the entire

equity premium. The second term is due to the current level of ambiguity. The

10



investor lacks confidence in the model of dividends. She dislikes such uncertainty
and needs larger compensation for higher level of ambiguity. Besides the current
ambiguity level, the fluctuations in the future level of ambiguity earn a separate
premium as well, which is reflected in the last term of (10). The existence of this
term is closely related to the separation between EIS and risk aversion. The investor
gets an extra compensation if she prefers an earlier resolution of fluctuations in the

level of ambiguity (p > «).

Besides the price of the risky asset, I also derive the pricing kernel under reference
measure using Lemma 5.1 of Chen and Epstein (2002). The result is presented in

Proposition 2.

Proposition 2. Up to the accuracy of approxzimation (7), the pricing kernel under

reference measure Py has dynamics

dM, -,
Mt = —rydt — [(1 —a)op + K't}dBl,t _ L Ulb\/ﬁ_tdB2,t> (12)
t
where 1y is the risk-free rate given by (9).
Proof. See Appendix A. m

With the pricing kernel known, I use the Girsanov theorem to change the probability
measure from reference measure Py to risk-neutral measure (). For the price of the
risky asset, its drift term, as expected, turns to be the risk-free rate minus the
dividend yield. Its diffusion terms keep unchanged with one originating from the
fluctuation of dividends and the other coming from the fluctuation of ambiguity.

Proposition 3 shows the result.

Proposition 3. Up to the accuracy of approximation (7), the price of the risky

asset under risk-neutral measure () has dynamics

s,
St

Dy

— ?)dt + O'Ddél,t + ﬁlb\/ﬁ_tdBQ,u (13)
t

= (Tt

where the risk-free rate ry and the dividend yield % are given by (9) and (11)

respectively. Furthermore, k; under risk-neutral measure Q) follows

p—

dry = [ak — (a + mb?) k] dt + by/FidBsy. (14)

By and By, are two standard Brownian motions under () and their correlation is

ZETO0.
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Proof. See Appendix A. H

2.2 Reduced-Form Model

The economic model developed in Section 2.1 is difficult to estimate directly since
not all parameters can be identified. In this section, I write down a reduced-form
model for the price of the risky asset under risk-neutral measure. This reduced-form
model keeps the main characteristics of the result in Proposition 3, and does not

affect the estimation of the ambiguity level which is the main target of this paper.

By replacing the combination of parameters in Proposition 3 with a single parameter,

I write down the price of the risky asset parsimoniously as follows: under risk-neutral

measure (),
dSy - .
5, = (ry — q)dt + X1dBy ¢ + Yo/kidBay, (15)
dry = (Ag — Ayry)dt + U\/Ftdégﬂf, (16)
re = No — A1k, (17)
¢ = Co + Cike, (18)
where

Ao =B+ (1= p)up — 3(1 — )2~ p)op
A =(1—plop+ %%ﬁlsz

(o= B+ 3p(1 —a)op — pup — 1hak

¢ = pop +nia — 2%7?12172

2120'1)
Yy =1b
O'i

\

In this reduced-form model, the price of the risky asset is still driven by both the
fluctuations of dividends and the fluctuations of ambiguity, similar as in Proposition
3. Y; is the volatility of dividends which represents the level of risk, while x; is the
level of ambiguity. The risk-free rate r; and the dividend yield ¢; are still affine

functions of the ambiguity level, which are similar as in the economic model.

12



Option Pricing Formula

Based on the reduced-form model, I derive a closed-form pricing formula for Euro-

t13. The method being used comes from Duffie

pean call options on the risky asse
et al. (2000) who provide a general solution to the option pricing problem for affine

diffusions. The result is shown in Proposition 4.

Proposition 4. Att = 0, the price of the risky asset is Sy and the level of ambiguity
18 Kg. For an Furopean call option with strike price K and maturity date T', its price

18

2 i
- K [%w(o; T, So, o) + = /M R6<Ki¢¢(i¢; L%, KO))dqb] o (19)
0

Co = Fw(l;T, So, ko) + % /Om Re(K%(l 10T 5% “0))d¢]

s 110,
where

Y(u; T, So, ko) = exp (@(U; 0,T) + Br(u;0,T) In(Sp) + Ba(u; 0, T)/fo)7

T 2(u)
and
To(u) = —2A;1 + 2(Ay + ¢ + 383 u — S3u?
Fl(u) = EQO-U/ — Al
§(u) = /T1(u)? + Lo(u)o?
Proof. See Appendix C. O]

If there is no ambiguity, the result in Proposition 4 turns to the classic Black-Scholes

formula with dividends for option pricing. In Section 4, this formula will be used

13 T could also derive a closed-form pricing formula for European put options in a similar way, but
I do not include it in this paper since it will not be used in later sections.
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to estimate the level of ambiguity in the US stock market using option data on the
S&P 500 Index.

Asymptotic Expansion for Implied Volatility

The option pricing formula in Proposition 4 provides a relation between the am-
biguity level and option prices. However, this relation is not very straightforward
due to the complex formula form. As for implied volatility, which is commonly used
by investors in practice, it is even more difficult to study the impact of ambiguity
on it, since implied volatility is typically obtained by some root-finding algorithms

numerically rather than through analytical transformations from option prices.

To study the impact of the ambiguity level on options directly, I derive an asymptotic
expansion for implied volatility under the reduced-form model using the perturbation
method in Jacquier and Lorig (2015). More specifically, I focus on a special case
of the reduced-form model (15) - (18), where Ay = 0, Ay =0, (o =0, (3 =0
and Y, = —1. In this case, both the risk-free rate r; and the dividend yield ¢, are

assumed to be zero.™

Jacquier and Lorig (2015) provides a method to derive the asymptotic expansion for
implied volatility using the characteristic function of risky asset’s log price. The basic
idea is to write the characteristic function of In(St) under the reference model as a
perturbation around the Black-Scholes characteristic function. As a result, the call
option price can be expressed as a perturbation around the Black-Scholes call price,
which can then be turned into an expansion for the corresponding implied volatility.
I make use of this perturbation method and derive an asymptotic expansion for
implied volatility with respect to the natural logarithm of moneyness up to the

t15

second order, in the short-maturity limit*°, and around the at-the-money level.

Denoting the natural logarithm of moneyness by m, the asymptotic expansion for

implied volatility at time ¢ = 0 is expressed as follows:

]Vt(m) =~ bo —+ blm —+ bng, (20)

14 The assumption of r, = 0 is partly supported by the worldwide low interest rate environment
since 2009, and will be lifted later.

15 In other words, this approximation holds when the time to maturity is close to zero. That is
also why the maturity date does not appear in the following approximation formula.
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where

bo = 1/ Z% + Ko

bl — 1 TKQ

4 (/B3 +r0)3
by =L 5 on
(VR0 (/)

In other words, implied volatility can be approximated by a quadratic function of m.
I present the derivation of this approximation and discuss its accuracy in Appendix
D.

According to (20), when m = 0 (i.e., at the money), the level of implied volatility
is by, which is the square root of the sum of risk and ambiguity. The at-the-money
slope of IV (m) is by, which is affected by the relative levels of risk and ambiguity.
Equation (20) offers an opportunity to figure out kg and the implied values of ¥
and o from its coefficients by, b;, and by. The at-the-money level of implied volatility
is determined by the sum of risk and ambiguity, while the at-the-money slope!® is

affected by the fraction of ambiguity in their sum.

3 Data

To quantify the level of ambiguity in the US stock market, I use option data on the
S&P 500 Index from January 1996 to December 2020, which covers three recessions
in the United States determined by NBER. The first one ranges from March 2001
to November 2001, which follows the bursting of the dot-com bubble. The second
one is the financial crisis in 2008 which was triggered by a large scale of defaults of
subprime mortgages. It starts in December 2007 and ends in June 2009. The last
one is the stock market crash due to COVID-19, which starts in February 2020 and
lasts for three months. The data are taken from the OptionMetrics database.

According to Figlewski (2008), DeMiguel et al. (2013), and Andreou et al. (2020), I
apply the following filtering rules to the option data set. I first discard those options
with no trading volume or open interest. Second, I only keep options with time to
maturity larger than or equal to seven days. Finally, I remove those options that
violate no-arbitrage condition obviously, which include: options with negative bid
or ask prices, options whose bid price is larger than its ask price, and options whose
bid or ask prices are greater than the current price of the underlying asset. Call

options whose prices are smaller than max{0,S — Ke™"7} and put options whose

16 To be precise, the slope here is the first order derivative of implied volatility with respect to the
logarithm of moneyness
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prices are smaller than max{0, Ke'" — S} are also removed due to the violation of
no-arbitrage condition, where S, K, T, and r are the underlying asset price, the

option strike price, the option time-to-maturity, and the risk-free rate, respectively.

After filtering, I calculate the implied volatility for each option contract based on
the Black-Scholes formula.!” For implied volatilities with the same maturity on
the same date, I interpolate them with respect to moneyness following Figlewski
(2008). A fourth-order spline with a single knot placed at the money is applied
to the interpolation of implied volatilities. The spline function of implied volatility

with respect to moneyness can be written as follows!®:

IV(M) = By + 1M + BoM? + B3 M?® + BaM* + s max{M —1,0}", (21)

The last term, max{M — 1,0}%, is added to place the single knot at the money.

For each combination of quote date and maturity date, I denote the data set of
moneyness and implied volatility by {(M;, IV;)}/_,, where I'V; has three components:
IV based on mid price IV;™ TV based on ask price IV;%**, and IV based on bid price
IVYd T estimate parameters 3 = (SBy, 1, B2, 33, 81, B5)’ by minimizing the squared
difference between IV (M;) and IV;™4. The objective function is:

I
min Y w;(IV;™ — IV (M;))>.
in D w1V~ 1V (08)
Here I use the weighting function proposed by Figlewski (2008):

FN(OJ)(IV(Mi) — IVi“s’“) it IV(M;) > IVimid
w; = ) )
FN(O,l)(IV;bZd — IV (M;)) if IV(M;) < IV;.”“d

where IV (M;) is determined by equation (21) and depends on the coefficents /.
Fy0,1)(+) is the cumulative distribution function of the standard normal distribution

N(0,1).

These interpolated curves of implied volatility will be used in Section 4.

17 Here, I make use of the annualized dividend yields and the zero curves provided by Option-
Metrics.

18 This expression is based on Shalizi (2013).

19" Alternatively, one could give equal weight to every data point by letting w; = }, but in this way
the spread of IV and IV2* is not taken into consideration. Suppose there are two points
with the same distance from the mid-price IV, but one is located within the quoted spread while
the other is outside. It makes sense to punish the one outside the spread more than the one
within the spread, since the former one corresponds to an option contract whose price is beyond
the observed bid or ask prices.
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4 Estimation Results

Under the reduced-form model in Section 2.2, I have derived a close-form option
pricing formula and an asymptotic expansion for implied volatility. In this section,
I will use both these two results to quantify the level of ambiguity and the level of
implied risk in the US stock market with S&P 500 Index options. I first focus on the
asymptotic expansion for implied volatility. For a special case under the reduced-
form model, the asymptotic expansion in (20) presents how the level of ambiguity
and the level of implied risk affect the shape of implied volatility curve in the short-
maturity limit. Based on this relation, I can identify risk and ambiguity from the
level and slope of implied volatility curve around the at-the-money level. Although
the results obtained by this method are approximations, it serves as a quick way to
learn about the level of risk and ambiguity in the market and can be implemented
even in real time. The formal estimation strategy is based on the option pricing
formula in Proposition 4. Here I make use of the two-step calibration method in
Christoffersen et al. (2009). The main idea is to estimate the ambiguity level and
other parameter values of (19) by making the model-based implied volatilities as

close as possible to the market-based ones.

4.1 Results Based on Asymptotic Expansion

In Section 2.2 under the reduced-form model, I have derived an asymptotic expan-
sion for implied volatility with respect to the natural logrithm of moneyness up to
the second order, in the short-maturity limit, and around the at-the-money level.
According to (20), the at-the-money level of this implied volatility curve is the square
root of the sum of risk and ambiguity, while the at-the-money slope is affected by
the fraction of ambiguity in this sum. Based on this asymptotic expansion, I can
learn about the ambiguity level and the implied risk level from the derivatives of
implied volatility with respect to moneyness around the at-the-money level. This
idea is applied to the S&P 500 Index options processed in Section 3. For each day,
I choose the interpolated curve of implied volatility with the shortest maturity and
calculate its derivatives with respect to moneyness up to the second order around the
at-the-money level. These derivatives are used to figure out the level of ambiguity
ko and the implied level of risk 3% based on (20).

Figure 1 plots daily levels of ambiguity k¢ and risk which is represented by the
implied level of ¥2 from January 1996 to December 2020. The black solid line is the
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level of ambiguity, while the red dashed line is the implied level of risk. The shaded
areas are three recessions in the United States during 1996-2020 according to NBER,
which are the dot-com bubble, the 2008 financial crisis, and the COVID-19 crash
respectively. I also compare the risk and ambiguity levels with the total variance of
the market return, which in this case is measured by the square of the well-known
VIX Index from the CBOE. In Figure 2, I plot the square of daily VIX from 1996
and 2020. The summary statistics of risk, ambiguity, and VIX square are presented
in Table 1.

During the whole period, the level of ambiguity is on average lower than the level
of implied risk, but it is more volatile. The sum of implied risk and ambiguity
measures the total variance of the market return. It has a very high correlation
(0.9448) with the VIX square, but they are not exactly the same. The reason is
that the implied risk and ambiguity in this section is based on the option contracts
with the shortest possible maturity date?’, while the VIX Index yields a weighted
maturity of 30 days. This difference in the maturity date explains why the VIX

square is on average larger than the sum of risk and ambiguity.

Next, I focus on the three recessions during this period. All three of them have
higher average levels of total variance, measured either by the sum of implied risk
and ambiguity or the VIX square, than of the whole period. The levels of implied
risk during recessions are larger than during the whole period. The recessions in
2008 and 2020 exhibit significantly higher levels of ambiguity compared to the whole

period, while the recession in 2001 has a similar ambiguity level as usual.

In fact, the increases of the total variance during these three recessions are driven
by different sources. For the 2001 recession, the level of implied risk dominates the
level of ambiguity. I view it as a recession driven mainly by risk. The 2020 recession,
on the contrary, is mainly driven by ambiguity, since the average level of ambiguity
is larger than that of implied risk. The 2008 recession has more balanced implied

risk and ambiguity whose average levels are quite similar.

Furthermore, the standard deviations of implied risk and ambiguity exhibit different
patterns during these three recessions. During the 2001 recession, the standard
deviation of implied risk is larger than that of ambiguity. The fluctuations in the
total variance are mainly driven by implied risk, according to the correlations among
implied risk, ambiguity, and their sum. Differently, the 2020 recession has a more

volatile ambiguity than implied risk, and the total variance co-moves more with

20 The maturity dates of these options are always smaller than 30 days.
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ambiguity instead of risk. As for the 2008 recession, the standard deviations of
implied risk and ambiguity are close to each other, and they together drive the

movement of total variance.

During the whole period, the correlation between implied risk and ambiguity is
0.6013. It goes up to 0.7004 in the 2008 recession, indicating that the levels of implied
risk and ambiguity tend to move together during this period. On the contrary, the
2001 and 2020 recessions have relatively small correlations between implied risk and

ambiguity, which are 0.3657 and 0.3862, respectively.

Let us look at the latter two recessions in Figure 1. The recent recession due to
COVID-19 is of a very short period. In fact, the level of ambiguity increases dra-
matically to a very high value during March 12*:-16"", and then decreases relatively
quickly to a low level compared with implied risk. A similar pattern happens in
the 2008 recession, where the ambiguity level decreases quickly after the peak but
the implied risk remains at a high level for a longer period. Comparing the 2020
recession to the 2008 recession, it seems that the investors really had no clue about
what happened when the pandemic suddenly bursted out but quickly returned to

normal.

To view these results more clearly, I smooth the curves of implied risk and ambiguity
by calculating their monthly averages. For each month between January 1996 and
December 2020, I make an average of daily levels of implied risk and ambiguity
within this month, and plot them in Figure 3. The black solid line is the monthly
level of ambiguity, while the red dashed line is the monthly level of implied risk.
This monthly figure exhibits results consistent with those in the daily figure: first,
the three recessions are driven by different factors; second, the level of ambiguity
decreases faster than that of implied risk after reaching the peak in both the 2008
recession and the 2020 recession. I further calculate the fraction of ambiguity in the
sum of risk and ambiguity, and plot it as the black dash-dotted line in Figure 3. This
fraction has already increased and stayed at a high level before the bursting of the
2008 Financial Crisis. In fact, the fraction remains a high-than-average level! for 23
months starting from July 2007, which is also the month when the credit spread??
spikes up. The average level of this fraction becomes larger after 2015 compared

with previous years.

21 The average level of this fraction during the whole period is 0.3144
22 The credit spread is measured by the difference between the interest rates on interbank loans
and short-term U.S. government debt.
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Min. Max. Median Mean Std. dev. Cross-correlations

Whole Period (January 1996 - December 2020):

Implied Risk 0.0013 0.4291 0.017 0.0240  0.0272 1

Ambiguity 1.61E—-6 1.1133 0.0055 0.0132  0.0310 0.6013 1

Implied Risk + Ambiguity ~ 0.0032  1.1888 0.0251 0.0372  0.0521 0.8797 0.9089 1

VIX square 0.0084 0.6838 0.0347 0.0486  0.0525 0.8897 0.8074 0.9448 1
Dot-com Bubble (March 2001 - November 2001):

Implied Risk 0.0144 0.1013 0.0373 0.0406  0.0156 1

Ambiguity 1.88E—5 0.0632 0.0097 0.0129  0.0120 0.3657 1

Implied Risk + Ambiguity — 0.0231  0.1501 0.0458 0.0535  0.0229 0.8730 0.7732 1

VIX square 0.0352  0.1913 0.0608 0.0719  0.0300 0.8637 0.7432 0.9780 1
2008 Financial Crisis (December 2007 - June 2009):

Implied Risk 0.0029  0.4291 0.0419 0.0604  0.0563 1

Ambiguity 1.48E-5 0.3392 0.0308 0.0515  0.0585 0.7004 1

Implied Risk + Ambiguity ~ 0.0210  0.7320 0.0664 0.1118  0.1058 0.9189 0.9252 1

VIX sqaure 0.0266  0.6538 0.0829 0.1364  0.1206 0.8645 0.9075 0.9613 1
COVID-19 Crash (February 2020 - April 2020):

Implied Risk 0.0037  0.3916 0.0616 0.1083  0.1110 1

Ambiguity 0.0013  1.1133 0.0570 0.1269  0.1967 0.3862 1

Implied Risk + Ambiguity ~ 0.0081  1.1888 0.1374 0.2352  0.2605 0.7177 0.9195 1

VIX square 0.0187  0.6838 0.1638 0.1987  0.1645 0.8032 0.8202 0.9615 1

Table 1: Summary Statistics. This table presents the minimum, maximum, median,
mean, standard deviation, and cross-correlations of implied risk, ambiguity, implied risk
plus ambiguity, and the VIX square. They are calculated over the whole period (from
January 1996 to December 2020) and the three recessions in the United States within this
period according to NBER: the dot-com bubble (from March 2001 to November 2001), the
financial crisis (from December 2007 to June 2009), and the COVID-19 pandemic (from
February 2020 to April 2020).
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4.2 Results Based on Option Pricing Formula

Results based on asymptotic expansion for implied volatility offers insight into the
evolution of the ambiguity level from 1996 to 2020. Now I turn to the formal

estimation strategy which is based on the option pricing formula in Proposition 4.

For the reduced-form model (15)-(18) in Section 2.2, ¥, is not identifiable and needs
to be normalized. Here I normalize it to be —1 to guarantee that the correlation be-
tween the risky asset’s return and its variance is negative. This negative correlation
captures the leverage effect (Christie, 1982). After the normalization, the parameter

vector of the reduced-form model is denoted by = = (Ag, Ay; (o, (15 Ao, Aq;21;0) .

To quantify the level of ambiguity, I modify the two-step calibration method in
Christoffersen et al. (2009). This method treats the ambiguity level as another pa-
rameter that is estimated daily. Thus, both the parameter vector and the ambiguity
level are estimated together with option data in an iterative two-step procedure as

follows.

e Step 1. For a given parameter vector =, solve the error minimization problem

foreach day t=1,...,d,

Ny
. 1 2, 2
i = arg min - ;:1 (IVje = IV;(Z, 80))
e Step 2. For a given set of {&;}%_, obtained in Step 1, solve the aggregate error

minimization problem

(1>

1 d N
= arg m:mN Z Z ([Vj,t - IV]-(E, "%t))2§
- t=1 j=1

where

e N, is the number of option contracts on day t;

e N is the aggregate number of option contracts from day 1 to day d, which is
equal to Zle Ny,

e [V, is the implied volatility of option contract j on day ¢, which comes from

the market data;
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e [V;(Z, k) is the model-based implied volatility of option contract j on day t,

which depends on both the parameter vector and the ambiguity level.

The procedure iterates between Step 1 and Step 2 until there is no further significant

decrease in the objective function value of Step 2.

I first set the initial values of both the parameter vector and the ambiguity level
between day 1 and day d. For each option in the data set, I calculate its model-based
price using the pricing formula in Proposition 4 given the parameter vector and the
current level of ambiguity. Then, I apply the Black-Scholes formula to changing
this model-based price to its implied volatility, and compare it with that from the
market data. For each day, I find out the level of ambiguity that makes the model-
based implied volatilities of option contracts on that day as close as possible to the
market-based ones. For all option contracts between day 1 and day d, I solve the
aggregate error minimization problem of implied volatilities to obtain the optimal
parameter vector. In other words, the parameter vector is fixed from day 1 to day

d, while the level of ambiguity is estimated daily.

I apply the above method to the S&P 500 Index options processed in Section 3.
Here I mainly focus on the recent two recessions in the United States, which are the
2008-2009 financial crisis and the stock market crash due to COVID-19. The results
based on asymptotic expansion in 4.1 show that both the changes and the average
levels of ambiguity and implied risk are larger than usual during these two periods
of crisis. I will compare the results obtained by the two-step calibration method to

the asymptotic results.

Before presenting the results based on the two-step calibration method, I will dis-
cuss a few more settings for the estimation procedure. The first one is about the
number of options used in the estimation. On every trading day there are a lot of
option contracts with different strike prices and maturity dates, and this amount
becomes larger and larger over time. Doing the estimation with all of these options
causes a heavy burden of computational cost in practice. To decrease this burden, I
reduce the number of option contracts used in the estimation while at the same time
guaranteeing that the ”selected” options are representative for the whole data set.
Here I make use of the interpolated implied volatility curves obtained in Section 3.
On each trading day and for a given maturity date, there is an interpolated curve of
implied volatilities with respect to strike prices. I divide the range of available strike

prices into n data points?® and obtain their implied volatilities from the interpolated

23 T let m to be 5 in the later estimation. In fact, the choice of n does not influence the estimation
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curve. It turns out that these pairs of strike prices and implied volatilities represent
the whole curve well. I will use them in the later estimation instead of the original
option data. The second setting is about the trading dates used in the estimation.
In principle, I can estimate the level of ambiguity for each trading day. However, to
further decrease the computational burden, I only use option data of each Wednes-
day to do the estimation. This choice follows Bates (2000) and Christoffersen et al.
(2009). The third one is about the choice of d for Step 1. 1 assume d to be 4 in
this section. This assumption indicates that: the parameter vector keeps same for
every Wednesday in 4 weeks, while the level of ambiguity changes every Wednesday.
The last setting is about the rolling-window technique used in the estimation. I
choose the increment between two successive rolling windows to be 1 week (i.e. 1
Wednesday based on the above settings). Due to this choice, for each trading day in
the data set, I get 4 estimates of the ambiguity level and 4 estimates of the implied
risk level?*. I take an average of them respectively, and plot them in Figure 4. The
black solid line is the level of ambiguity, while the red dashed line is the level of
implied risk. Figure 4a represents the 2008-2009 financial crisis, while Figure 4b
plots the recent stock market crash due to COVID-19.

From Figure 4, we can see that the levels of ambiguity and implied risk show sim-
ilar patterns as those in Figure 1 and 3 during the recent two recessions. In the
2008 recession, the average levels of ambiguity and implied risk are 0.0474 and
0.0613 respectively, while in the 2020 recession they are 0.1925 and 0.1120. These
four numbers obtained from the formal estimation results are slightly different from
those based on the asymptotic expansion of implied volatility, since they are esti-
mated using different option data sets. Yet, the patterns keep unchanged that the
2020 recession is mainly driven by ambiguity while the 2008 recession is driven by
both ambiguity and implied risk. Furthermore, the level of ambiguity fluctuates
more than the level of implied risk. During both recessions, the level of ambiguity
decreases to the normal level quickly after reaching peaks, while the level of implied

risk remains at a high level for a longer period.

results a lot.
24 These estimates are turned out to be quite stable for this data set
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5 Conclusion

In this paper, I quantify the level of ambiguity in the US stock market using option
data. This quantification of the ambiguity level is based on a reduced-form model
of the market index which has two diffusion terms representing risk and ambigu-
ity respectively. The presence of ambiguity as a diffusion term is not exogenously
assumed, but based on a representative agent asset pricing model where the repre-
sentative investor is averse to both risk and ambiguity. Ambiguity is modelled using
the framework of recursive multiple-priors utility. This model serves as an economic
foundation for the reduced-form model which keeps its main characteristics and is
easy to estimate. Based on this reduced-form model, I derive a closed-form option
pricing formula of the market index. I also provide an asymptotic expansion for the
corresponding short-maturity at-the-money implied volatility. This approximation
shows how the relative levels of risk and ambiguity affect the at-the-money level and

slope of the implied volatility curve.

Using both the asymptotic expansion and the two-step calibration method based on
the option pricing formula, I quantify the level of ambiguity with option data from
1996 to 2020 which covers the 2008-2009 financial crisis and the recent COVID-19
stock market crash. I find that both the level of ambiguity and the level of implied
risk are much higher than usual during these two crises, and the level of ambiguity
decreases to its normal level more rapidly than risk after spikes. Furthermore, the
role of ambiguity is more pronounced for the recent stock market crash due to
COVID-19 than for the 2008 financial crisis.
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Appendix A

Proof of Proposition 1

Suppose the ex-dividend price of the risky asset under reference measure F, follows

D,
dSt (Tt + )\t — ?)Stdt + 01 tStdBl it + 09 tStdBQ s
t

where )\; is the excess return and % is the dividend yield.

Since wy is the fraction of wealth W; invested in the risky asset, the dynamics of W,

is

dS; + D,dt
th = tht% + (1 — wt)mrtdt — Ctdt
t
== [tht)\t + Wﬂ"t — Ct]dt + wto—l,tWtdBl,t + Wto'gﬂthdBQ’t (22)

For the utility optimization problem (4), I need to solve the HJB equation given in

(5):
sup DJ(W, k) + f(C, J(W,K)) — ko =0,

(Cw)
where
o.J 0. L1
LT L, 0%
+ - 28W2 |14 ( +o )+ oW ok CUWO'Qb\/_

Taking the derivatives with respect to C' and w, I obtain the following first-order

conditions:

oJ _of  pert

oW oC — (aJ)lp=elfe’ (23)
- - =0. 24
aWW)x—I— 8W2W (07 + 03)w + 8W8/§W026\/E "o, 0 (24)

Conjecture that

and
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From (23), I get the wealth-consumption ratio , which is

w

Yol pYe=V exp (h(k)). (25)

The fraction of wealth invested in the risky asset is

A+ @h’(/ﬁ)agb\/ﬁ — Koy

S Gy e

: (26)

which comes from (24).

The HJB equation (5) is still hold, which is

l—p,, - 1/(1—p L—pru al—=p) ., \o10
Th(n)a(/{—/{)+[r+w)\—ﬁ/( )exp(—h(n))]%—T[h (/@)+Th(n)]bn
1 2/ 2 2 a(l—p)., L 1—p p _
— 5(1 — a)w (o] +03) + Th (k)woaby/k + ;ﬁ /=) exp (= h(K)) — i kwop = 0.

(27)

In this economy, market clearing implies the representative investor consumes ex-
actly the aggregate dividends given by (3), so that C* = D. Together with the

wealth-consumption ratio, the wealth process in equilibrium is

! — 1 ! 1
dW, = [uD + B (ky)a(R — Ky) + Q(h (k)2 4+ h (th))bQHt] W, dt

+opWidBy 4 + h/(nt>b\/EtWtdBZ,t- (28)

Furthermore, in equilibrium of a representative-agent model, there is zero net supply

of the risk-free asset, i.e. w* = 1. Therefore, in equilibrium I have:

Ul,t = 0p, (29>

024 = W (Ki)by/Fi. (30)
The return of the risky asset in equilibrium is
Ae+r = up+h’(/<;t)a(/<—/<ct)+%(h’(/ﬁt)Q+h”(/<;t))b2/ft+,81/(1_”) exp (—h(k)), (31)
where according to (26) the excess return \; is

A = (1 —a)o? + kop + %h/(ﬁt)%%t, (32)
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and the risk-free rate is

1/2a0 —

T = ;LD—(l—a)o%—HtaD+h’(/§t)a(/%—/it)+§( a ph’(/ft)z—i-h”(/ft))62ﬁt+51/(1_”) exp (—h(ke)).
(33)

Now, (27) turns into

1 1
0= pup— % - 5(1 — )0} — kop + ;h’(/ﬁt)a(/% — Ky)
+ ih”(mt)b%t + ih'(r@t)%zmt + 151/(17’)) exp (— h(k)) (34)
2p 20 P ’
and thus
1 1

BYA=P) exp (—h(fit)) = B—I—ép(1—Oz)O'%—p/LD+pI{tUD—h/(I{t)a(Ii—I£t)—%h/(Kt)2b2I{t—Eh”(fit)b2lit.

(35)

Substituting it into (33), I have

1 -«
re=p4+(1—p)up — (1 = p)kiop — 5(1 —a)(2—p)or — p2p R (k)% ke. (36)
In this economy, the equilibrium investment portfolio is solely made up of the risky
asset and all dividends are used for consumption in equilibrium. Under these two

conditions, the dividend yield in equilibrium is 2 = £ = g1/(1=#) exp(—h(k)), which

is equal to
D 1 2 / - Q1272 L, 2
5= B+ ép(l—oz)aD—puD—I—pfitaD—h (kt)a(R — Ky) —%h (Kt)“b /it—éh (K¢)b” Ky,

(37)
according to (35).
To get an analytical solution, I use the log-linear approximation proposed by Collin-

Dufresne and Goldstein (2005) and also used by Shi (2019) that h(k:) is approxi-

mated by an affine function of k;, which is written as h(k;) = 19 + M1 K¢

According to Collin-Dufresne and Goldstein (2005) and Shi (2019), this approxima-
tion should essentially minimize the expected squared approximation error of (34).
Thus, the parameters 7y and 7; can be obtained by solving the following optimization

problem:

min E( [ﬂD—é—l(1—Oé)O'QD_/{tO-D_’_lThCL(K/—/{t)_’__a n%bzﬁt—i—lﬁl/(l_p) exp (—no—nmt)} 2>.
70,11 p 2 p 2p? p
(38)
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This optimization problem is equivalent to the one in page 640 of Shi (2019).%5 Shi
(2019) also studies the accuracy of this approximation in his Appendix B, and claims

that this approximation performs fairly well.

With the approximation of h(k;) as o + 71k¢,2°, now I have:

Ul,t = 0D, (39)
02 = Miby/ky, (40)
1 p—a
ry = [ﬁ +(1—p)up — 5(1 —a)(2 - p)a%} = [(1 —plop + " 7712[92} ke (41)
A = (1—a)o + wop + 2L 22, (42)
D 1 o o,
< = [B+50(1 = a)oh — pup — 1] + [pop + i — 2—/)771252] Ky (43)
t

Therefore, the price of the risky asset under reference measure F, follows

ds D

5= (ret A= )t + 0edBy g + iiby/ed By, (44)
t t

where the risk-free rate r;, the excess return \;, and the dividend yield g—: are given

by (41), (42), and (43) respectively. Furthermore, x; follows (2) under reference

measure Fp.

Proof of Proposition 2

According to Lemma 5.1 of Chen and Epstein (2002), the pricing kernel M; under
reference measure P, should satisfy
‘of of x
M, = exp ( 570 J)ds ) 5 (Cou )27,
where z; is the Radon-Nikodym derivative between the worst-case model and the

reference model.

25 T can also write all terms in (38) expect for the exponential term as an affine function of k.
The two coefficients are equal to —é timing ng and n; in page 640 of Shi (2019) respectively.
Specifically, o., in n; is equal to 0 under the setting of this model.

26 47y and 7j; come from the minimization of (38).
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For the Epstein-Zin preference f(C,J), its partial derivatives are:

of __ et
aC ~ (aJ)e-ala’
af  pa p—a C°

ar  p p o (ad)ele

In equilibrium, since the representative investor consumes exactly the aggregate
dividends, i.e. C* = D, the indirect utility function J is a function of D and &,
which is written as J(D, k) = %"~V exp (%h(/@))ﬁ.

«

The natural logarithm of M; is

h“ﬂﬂ>::‘bﬁ (22 4 22 100 exp(—n(s.) ) s

p p
l1—a p—Q .
T In(5) = (1= @) n(D) = L= h) + ),

and I denote it as Y;.

I apply the Ito’s lemma to obtain the dynamics of Y;:

dD, p— dzf

dy; = 1/(=p) h dt — (1 — ! d L

== [P0 R exp( i) dt = (1= 0) T = P (i + T
1 1 lp—« 1 1 -
S1—a)5s 2 5d{Dr, Dy — 5 ; W' (k) d( it Fy) — 5 (Zt*)2d<zt , 2;)

The dynamics of x; and D; are given by (2) and (3) respectively, and z} is the
Radon-Nikodym derivative between the worst-case model and the reference model.

Therefore,

0¥, = =[5 4 £ 00 ()] — (1= ) ot + o)

—
p (K/t) (G(R — /it)dt + b\//{_tdBQ,t) — l{tdBl,t

1pa
2

1
+ 2(1 —a)ohdt — R (k) b? Kyt — —/ﬁ:tdt

« -, _
= [P 4 2200 exp( () + (1~ @y + LW sl — )
p p p
1 lp—a , 1
— 5(1 —a)op + §Th (k) 0%y + 5/{? dt

—[(1 = a)op + K)dB, — %h’(m)b\/ad&i.
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Substituting 5/~ exp(—h(k;)) with (35), the above equation changes into

1
dY; = — 5+(1—P)MD+5(/)—04—1)<1—04)0123+(P_04)“t‘7D
(:0 Oé) ! 1 2
Th( )b /ft"‘é/‘ft]dt

—[(1 = a)op + KidBry — %h’(ﬁt)b\/m—td&,t.

To obtain the dynamics of M;, I make use of the relation M; = exp(Y;) and apply

[to’s lemma again:
1 1
dM; = exp(Y;)dY; + B exp(Y)d(Y:, Yy) = MydY; + §Mtd<Yt, Yy).

Therefore,

d M,

i (p—a—=1)(1-a)op + (p— a)kop

=[5+ -pmp+

alp — ) 1
Th/( ) bglit —f— 5/{?] dt

—[(1 = )op + re)dBy, — %h’(nt)b\/—wm

%[(1 —a)op + ke dt + ;(p ; a)Qh’(/ﬁt)zbzmdt
= [+ (1= D)o — (1= o — (1~ )2 — pord — LW (0

2p
(K/t)b\//{_tdBQ,b

— [(1 — CY)O'D -+ lit]dBl,t —

According to (36), the drift term of the above equation is equivalent to —r;dt, where
ry is the risk-free rate in equilibrium. I further simplify it using the approximation

of h(k;), and thus obtain the dynamics of M, as

dM;
M,

— R
= —rdt — [(1— a)op + k)dBy, — 224 by/rd Bo,, (45)

where the risk-free rate r, is given by (41).%

Proof of Proposition 3

Given the pricing kernel and the price of the risky asset under physical measure P,

now I derive the price of the risky asset under risk-neutral measure Q).

27 Shi (2019) provides a similar result about the pricing kernel in his Equation (14).
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~ 1ty . . . . .
Suppose B; = <~ > is a Brownian motion under risk-neutral measure (). Since
2t

the dynamics of the pricing kernel is given by (45), I use the following equation to

switch from measure F, to measure () according to the Girsanov theorem:

B dB 1— +
) o () (U cdon b (46)
dB,,) — \dB, NG
Applying it to (44), I get the price of the risky asset under risk-neutral measure @)

as
D - . -
= (r; — gt)dt + 0pdBy 4 + 171by/RedBay, (47)
t

s,
St

where 7, is the risk-free rate given by (41) and % is the dividend yield given by

(43).
Furthermore, the dynamics of x; under risk-neutral measure () is

—

drk; = [a/% — (a+ & ﬁle)/‘ﬁt} dt + b\/"ﬁ_tdéltv (48)

where r; is the risk-free rate given by (41).

In this way, I obtain the dynamics of the risky asset’s price under risk-neutral
measure (), which can be used for pricing European options based on this underlying

asset.
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Appendix B

Consider the reduced-form model (15) - (18) in Section 2.2. In this appendix, I

derive an expression for

T
U(uw; T, So, ko) = F [exp ( — / T’Sds) ouln(Sr) ‘507 /{(Ji| :
0

which will be used to obtain the option pricing formula in Appendix C and the

characteristic function of In(Sr) in Appendix D.

The derivation is based on Duffie et al. (2000) who provide a general solution to
W(u; T, So, ko) for affine diffusions. First of all, T verify that the above reduced-form

model satisfies their requirement of affine diffusion state processes.

Denoting the state vector of this model (ln(St), /{t)/ by X, its dynamics is

Bo=G=35) (0 At G gsg) (] (S Savm (dBa
Ag 0 A, ' 0 oyi ) \dBy,)’

(49)
and the risk-free rate is r, = Ag — A kK.

dXt -

The state vector X; indeed follows an affine diffusion process, since:

e the drift term is pu(X;) = Ko + K1X;, where

Ag — (o — 132 0 A 1y:2
Ky = 0= G~ 3% and K| =— IR ;
Ay 0 Ay

e the volatility term is

o(X)o(X,)" = (E% +(0,23)Xe (0, EQU)Xt> ’

(07220')Xt (0,0’2)Xt

Y1 Yoy/
where o(X;) = LSV
0 ok

Furthermore, the discount rate R(X;) = r; is also an affine function of the state
vector Xy, since R(X;) = Ro + R1X; with Ry = Ap and Ry = — (O Al).

Therefore, the reduced-form model fulfills the requirement of Duffie et al. (2000) and

I can apply their transform analysis method to the derivation of v (u; T, Sy, k¢).2

28 In fact, the function v (u; T\, Sy, ko) is a special case of Equation (2.3) in Duffie et al. (2000), which
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According to Equation (2.4) in Duffie et al. (2000), the function ¢ (u; T, S, ko) is
given by

U(u; T, So, ko) = exp (@(u; 0,T) + B1(u; 0,T) In(So) + Ba(w; 0, T) ko). (50)

We can figure out a(u;0,T), B1(u;0,T), and By(u;0,T) from the following ordinary
differential equations (ODEs)?:

dBl (U, t, T)
(e St Rl 1
B dt 07 (5 )
W =M+ (M+G+ %Eg)ﬁl(w 6, T) + A1 Bo(us t,T) — %Z%Bl(u; t,T)
_ _ 1 .-
— Egaﬂl(u,t,T)ﬁg(u,t,T) — 50252(u;t,T)2, (52)

da(u;t, T 1 _ _ 1 .-

% =No— (Ao —Co— 523)51(% t,T) — DoBa(u; t,T) — 52351(1/«;@ T)>.

(53)
The boundary conditions at t = T are: Bi(w;T,T) = u, Bo(u;T,T) = 0, and
a(u; T, T)=0.

Based on (51), B (u;t,T) is a constant and always equal to u. In other words, for
any t,
Bi(u;t,T) = u (54)

Plugging it into (52), we have

S0 [ A (M4 G e )+ (A~ Saou] (w1, T)

- %0 By (u; t, T)?. (55)

Letting
Co(u) = —2A; + 2(A1 + ¢+ %Z%)u — ¥2y?
[y (u) = Xgou — Ay )
&(u) = v/T1(u)? + To(u)o?

is equal to ¥ (u1,us; T, So, ko) = E{exp ( — fOT rsds)eul'ln(STH“Z"“"o‘SO, Ko| in the terminology
of the above reduced-form model. uy is always equal to 0 in the derivation of both the option

pricing formula and the characteristic function of In(St)
29 See Duffie et al. (2000)’s Equation (2.5) and (2.6) for these ODEs.
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(55) is simplified as

W = %r()(u) — Ty (u)Be(ust, T) — %‘%(u; t,T)% (56)

This ODE is of ”separation of variables” type whose general solution is known.
Together with the boundary condition B5(u; T,T) = 0, we can obtain the expression
of By(u;t,T) as follows:

_ [y (u)

U u L)) e ST _ (e(y) — Ty (u
By(ust, T) = — §(u) (§(u) +Ta(w) (€(u) — Ta(w))

07 0% (6w + Ti(w)e ST 4 (&(u) — Ty(w)

(57)

With 31 (u;t,T) and Ba(u;t,T) solved, we can figure out a(u;t,T) by integrating
from ¢ to T and using the boundary condition &(u;7T,7T) = 0. The expression of
a(u;t,T) is

a(u;t,T) =— [Ao — (Ao — Go — %zi)u — %zfzﬂ (T —t)
A, [M(T 0+ % n <1 _ %(;1(“)(1 _ e—f<“><T—t>))].

(58)
Letting t = 0 in Sy (u;t,T), Pa(u;t,T), and a(u;t,T), I obtain the expression of

¥(u; T, So, ko). This result will be used later to derive the option pricing formula in

Appendix C and the characteristic function of In(Sr) in Appendix D.
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Appendix C

Proof of Proposition 4

Consider the reduced-form model (15) - (18) in Section 2.2. The price of an European
call option on the risky asset with strike price K and maturity data 7" at ¢ = 0 is

T
Co = E[exp (—/ rsds)(sT—K)ﬂso,no] — G1(K, T, So, ko) — K -Go (K, T}, So, #0),
0
(59)

where

1 1 [T (K9p(1+i¢; T, S
Gl(K7 T7 5071%0) - §w(1,T, SO, KZO) + ;/ Re( ’lp( + Z(b’ ? 07%0))d¢’
0

i
(60)
+o00 —ip A
GalI. T S ) = 00T, S + 7 [ o EHE LI g )
0

according to Duffie et al. (2000).3

The function form of ¢ (u; T, Sy, ko) has already been solved out in Appendix B. It
is determined by (50), (54), (57), and (58):

U(u; T, So, ko) = exp (@(u; 0,T) + B1(u; 0,T) In(So) + Ba(w; 0, T)ko),

where
Bl(u; 0,7)=u
3 (s ~ D) | &(u) (E(u) + Ti(w))e ™7 — (§(u) — Ti(u))
0T = = o () T () e €O 4 (€(w) — Ta(w))
a(u;0,T) = —[Ag — (Ao — Go — %zi)u — %quﬂT
A, [é(u) ;Fl(u)T N % In (1 B (f(uég‘(i)l(u» (1- e—au)y’))}’
and

Fl(u) = EQUU — Al
¢(u) = /T1(u)? + To(u)o?

Letting u equal to 0, 1, 7¢, and 1 + 2¢ respectively, I obtain the call option pricing

30 See Equation (2.9) and (2.12) in Duffie et al. (2000).
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formula of the risky asset.
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Appendix D

Consider a special case of the reduced-form model (15) - (18) in Section 2.2 where
A():O,A1:0,<’0:0,C1:0,andEgz—l.

Let IV (m) denote the function of implied volatility with respect to moneyness m
at time t = 0. When time to maturity 7" — 0, the asymptotic expansion of IV (m)

around m = 0 is

1 ok 1 o 5 R}
IV(m) = 224_5 —_—————m-+ | — TQ : m2+0
) e B (U ey B/ ey (
(62)

This approximation is derived based on Jacquier and Lorig (2015), which provide an
explicit implied volatility approximation for any model with an analytically tractable

characteristic function.

The characteristic function of In(Sz) in this case is ®(¢) = E[e*™1)|Sy ko, It
is equal to ¥(u; T, Sp, ko) in Appendix B when Ag = 0, Ay =0, (o, =0, {; =0,
Yo = —1, and u = i¢. Plugging these parameter values into (54), (57), and (58), I

have

51 (i;0,T) = i,
o Tu(ig) | €ig) (8(i9) + Tu(ig)) e StIT — (¢(ig i9))
PUEOT) = = (€li) + T 10)) e + (€(i0) ~ T1(i6))

6(i670,T) =~ 536+ i6)T — Do 5 (€(i6) + T1(i6))T

n % In (1 B S(W;;(‘il(;; (ig) (1- efg(ws)T))},

where
To(ig) =g+ ¢7,
[i(ig) = —igo — Ay,
§(i¢) = \/T1(ig)? + To(ig)o?

Therefore, the characteristic function of In(Sr) is

O(p) = (ip; T, So, ko) = exp ( (1;0,T) + ﬁl(wﬁ, 0,7)In(Sy) + Bg(ng, 0 T)Iio)

Letting a(ig;0,T) + B2(i¢; 0, T)ko denote by (T, ¢), this characteristic function
®(¢) turns to be
8(6) = exp (i61n(So) + o(T, 9)).
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For models with this kind of characteristic function®', I can derive the asymptotic

expansion for implied volatility using the results in Jacquier and Lorig (2015).

According to Jacquier and Lorig (2015), the characteristic function of In(Sr) in the
Black-Scholes model is also needed to derive the expansion for implied volatility,
since the Black-Scholes formula serves as the intermediate for transforming option
price to implied volatility. The characteristic function of In(Sr) in the Black-Scholes

model is:

Py (¢) = exp (i In(So) + @o(e; 00)), (63)
where

ool ) = —5( + i) (64)
09 is the volatility in the Black-Scholes model.
I define
(T, 3 00) = T'oo(¢; 00) + ep1 (T, §; 09),

where

01(T, ¢;00) = (T, ¢) — T'po(9; 00).

©°(T, ¢;00) can be viewed as the perturbation around the Black-Scholes model.
When € = 07 @E(Ta ¢a 00) = TSOO((ba UO); when & = 17 @E(Ta ¢7 JO) = @(Tv ¢)

According to Jacquier and Lorig (2015), the derivation of the expansion for implied

volatility needs two auxiliary functions. The first one is

—i)k
ak(T§00):< !)

2 a£¢1(T> ¢; 00) )

¢=0

which is Equation (11) in Jacquier and Lorig (2015). The second one is the physi-

cist’s Hermite polynomial of nth order:
2 _ 52
H,(z) = (=1)"* dle ™,

which is mentioned in Theorem 2 of Jacquier and Lorig (2015).

I make use of the approximation formula for implied volatility given in Example 1

of Jacquier and Lorig (2015), which is

o23) — 00+0§3) +cr§3),

31 This characteristic function is included in case (iii) of Equation (2) in Jacquier and Lorig (2015).
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where

3)

(3) Uy
0-1 -
D, uBS
@ ug:a) _1 @) QaguBS
%2 = O,ubBS 2(01 ) O ubs
Letting 2z = _oml/ﬁ (m + 103T), we have
(3)
u 1 -1
E) ;BS - O'QT[ o QT)C‘3H1(ZO) + (az +a3)],
o 0V
(3)
Usg 1 [ —1 4 9 —1 3 2
= H —) (2 H
0,75 = o ) 5t + (R ) s ) i)

)(—a3 —aj — 2a2a3)H1(Zo)} :

02uPs 1

BS [ 2T2( _/— i
8Uu O'T (oJs) 2T

o ) ]

where ay, is the abbreviation of ax(T'; 0p).

The above terms can be computed with the help of Mathematica. After that, I
figure out the limit of this approximation when 7" — 0 using L.’Hospital’s rule. The

final result is presented in Equation (62).

Next, I will show the performance of this approximation by comparing it with the
numerically obtained implied volatility. Figure 5 plots the implied volatility with re-
spect to the logarithm of moneyness for different parameter settings. The solid line
corresponds to the implied volatility calculated numerically from the option price.
The dashed line corresponds to the first-order approximation for the implied volatil-
ity, which is the first two terms of Equation (62). The dash-dotted line corresponds
to the second-order approximation for the implied volatility, which is Equation (62)
without the residual term. The baseline setting of parameters is as follows: »; = 0.4,
oc=0.38 Ay =5, AO = 0.08, and ko = 0.06. The maturity time is set to be 0.04,
and keeps same for dlfferent parameter settings in Figure 5. The baseline setting is
plotted in Figure 5a. Then I change the setting of each parameter separately while
keeping other parameters unchanged. The results are shown in Figure 5b - 5f. From
Figure 5, we can see that the performance of the approximation given in Equation

(62) is quite good especially around the at-the-money level.

Figure 6 studies the effect of maturity time on this approximation, with x-axis

being time to maturity. Figure 6a corresponds to the value of the implied volatility
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at m = 0. Figure 6b and 6¢ corrspond to the 1% and 2" order derivatives of the
implied volatility curve with respect to the logarithm of moneyness when m = 0.
The solid lines are obtained by first calculating the implied volatility numerically
and then computing the 15 and 2" derivatives numerically. The dashed lines are
coefficients of Equation (62) respectively, which do not depend on maturity time.
Since the approximation given in Equation (6) holds when time to maturity goes
to zero, I would expect that the solid lines become closer to the dashed lines with

maturity time being smaller. Figure 6 is consistent with this hypothesis.
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(e) 32 =0.09 (f) xo = 0.07

Figure 5: Implied volatility with respect to the logarithm of moneyness for different
parameter settings. The solid line corresponds to the implied volatility calculated numer-
ically from the option price. The dashed line corresponds to the first-order approximation
for the implied volatility, which is the first two terms of Equation (62). The dash-dotted
line corresponds to the second-order approximation for the implied volatility, which is
Equation (62) without the residual term. The maturity time is set to be 0.04. The base-
line setting of parameters is: 1 = 0.4, 0 = 0.8, A; = 5, ﬁ—f = 0.08, and kg = 0.06. Each
parameter is changed separately while keeping other parameters same: (b) X1 = 0.5; (¢)
o =0.7; (d) A =4; (e) 32 =0.09 (f) Ko = 0.07.
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Figure 6: Effect of maturity time on the approximation. The x-axis is time to maturity.
(a) is the implied volatility at m = 0; (b) is the 15* order derivative of the implied volatility
curve with respect to the logarithm of moneyness when m = 0; (c) is the 2°¢ order
derivative of the implied volatility curve with respect to the logarithm of moneyness when
m = 0. The solid lines are obtained by first calculating the implied volatility numerically
and then computing the 15* and 2"¢ derivatives numerically. The dashed lines are 1V (0),
IV'(0), and IV"(0) of Equation (62) respectively, which do not depend on maturity time.
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